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ABSTRACT 
A balancing apparatus was developed to demonstrate to 
senior-level mechanical engineering students the principles 
and a practical method of rigid rotor balancing.  The ap- 
paratus was designed to be used in conjunction with a por- 
table vibration analyzer.  The balancing machine was used 
to balance an electric motor rotor and successfully reduced 
the vibration produced by unbalance to approximately one 
quarter of its previous amplitude.  Successive runs showed 
that the results are reasonably repeatable and that the ap- 
paratus is able to balance the rotor to within 182 gm-mm 
(^.25 oz-in) of true balance. 
The work also contains a summary of Thearle's method 
of rotor balancing and other supplementary information 
which would be useful in introducing students to dynamic 
balancing. 
This apparatus would be most useful in a laboratory 
organized for students interested in machine design or dy- 
namics of machinery. 
I. INTRODUCTION 
Present senior laboratory experiments in mechanical 
engineerins; cover the full range of the mechanical engi- 
neering disciplines such as thermodynamics, heat transfer, 
dynamics, controls, solid mechanics, and fluid mechanics. 
However, there is no laboratory at Lehigh University con- 
cerned with machine dynamics for students interested in the 
design field.  The apparatus and experiment developed in 
this work will familiarize mechanical engineering students 
with the theoretical and practical aspects of rigid rotor 
dynamics and will demonstrate a practical method of field 
balancing a dynamically unbalanced rotor.  The apparatus 
designed and described in this uaper was successfully used 
to reduce the unbalance in an electric motor rotor to ap- 
proximately one-quarter of its original magnitude.  It 
could be used by senior-level students with no difficulty. 
The procedure, using actual data and results, is il- 
lustrated in the section on the electric motor rotor re- 
sults.  A brief explanation of- the principles of dynamic 
balancing, suitable for acquainting the student with dy- 
namic balancing, appears in Appendix B.  Appendix C is a 
summary of an article from Mechanical Engineering by E. L. 
Thearle.  The article describes the method used to balance 
rotors in their bearings and explains all the nomenclature 
and vector calculations involved.  At the end of the paper 
there is a very brief discussion of the problems encoun- 
tered in balancing rotors in elastic supports and rotors 
which are not stiff enough to be considered as rigid 
bodies. 
II. DESIGN SPECIFICATIONS 
In order to be of practical use, it was decided that 
the balancing machine should meet the following criteria'. 
1. It should be able to support rotors up to about 
n.?5 m  (2-1/2 ft) in length, and 0.15 m (6 in) in diameter. 
2. The bearing supports should be able to accomodate 
shafts ranging from 10 mm (3/8 in) to 64 mm (2-1/2 in) in 
diameter. 
3. It should be able to support rotors weighing up to 
about 220 N (50 lb). 
k.     There should be some convenient means of attaching 
the vibration pickup to the machine, so that any unsteadi- 
ness as a result of holding the pickup by hand is elimi- 
nated. 
5. The rotor supports should be compliant enough to 
allow measurable vibration for small amounts of unbalance. 
(The smallest easily measured displacement is about 0.0025 
mm (0.0001 in).) 
6. The balancer shound have a variable speed motor to 
allow selection of a convenient speed for balancing. 
III. DESCRIPTION OF DESIGN 
The balancing apparatus consists of two rotor supports 
and one motor support, all mounted on a bed which keeps all 
the supports axially aligned, yet allows the supports to be 
adjusted to accomodate different sized rotors.  All parts 
are constructed from standard steel shapes, which makes 
construction simpler.  A picture of the complete apparatus 
appears in Fig. 1. Drawings of parts and assembly drawings 
appear in Figs. 2-15. 
The rotor to be balanced is rotated by a 50 W (1/15 
hp) variable speed electric motor, and may be rotated at 
any speed from zero to 1?25 rpm.  The rotor is coupled to 
the motor by means of a Browning jaw coupling (cat. no. 
JS-*+) which allows the rotor to vibrate in its supports 
without being constrained by the motor shaft, Fig. 16. 
This coupling consists of two halves, available from stock 
with different sized bores.  One half-coupling remains at- 
tached to the motor, and another half, with a bore to fit 
whatever is being balanced, is attached to the item to be 
balanced.  This allows easy interchange of rotors if de- 
sired, since the two halves of the coupling are not at- 
tached to one another. 
Each rotor support consists of two 4^.5 mm (1-3/*+ in) 
diameter McGill cam followers, supported on two 19.1 mm by 
3.2 mm (3A x 1/8 in) cold finished steel bars.  These sup- 
ports provide compliance in a horizontal direction, per- 
pendicular to the axis of the machine.  See Appendix A for 
an analysis of the bar dimensions.  Since the bars are very 
compliant, support guards, made from steel channel, are 
provided to prevent the bars from becoming bent to the 
point where they could acquire a permanent set.  In addi- 
tion, each rotor support is provided with a socket head set 
screw to which the vibration displacement pickup can be at- 
tached.  Thus the vibration amplitude can be easily mea- 
sured . 
The motor is supported on steel channels which slide 
inside one another.  This keeps the motor base plate hori- 
zontal.  An adjusting; screw makes fine adjustment of the 
motor height easy.  Four bolts hold the motor support at 
any chosen height. 
IV. IRD UNIT 
1 .  Description 
The IRD (International Research and Development Cor- 
poration) portable vibration analyzer, Model 311*, is used 
to measure the amplitude and phase "angle of the vibration 
caused by dynamic unbalance of rotating machinery (1).  The 
unit consists of three parts«  a vibration pickup, a dis- 
play unit, which contains the electronics and controls, and 
a strobe light.  A picture of the complete unit appears in 
X By     • X f      • 
The vibration pickup transforms the mechanical vibra- 
tion to which it is subjected into an electrical signal 
whose voltage is proportional to the amplitude of vibra- 
tion.  This signal is amplified in the display unit and re- 
gistered on a meter.  A variable frequency filter, when 
used, eliminates all other frequencies except that to which 
it is tuned.  The signal from the pickup also triggers a 
strobe lamp in synchronism with the frequency of the vibra- 
tion. 
The unit most easily measures vibration amplitudes 
from 0.0025 mm to 2.5 mm (0.1' - 0.0001 in).  The filter 
circuit may be tuned from 5°^ to 5»00° cycles per minute 
(CPM). 
2
-  
Use
 2l  the IHD Unit for Balancing; 
The procedure used to balance rigid rotors is essen- 
tially the sate as that described by £. L. Thearle in "Dy- 
namic Balancing of Rotating Machinery in the Field," a sum- 
mary of which appears in Appendix B (2).  This method is 
particularly useful for balancing rotors which cannot be 
placed in a balancing; machine, but also works for the lab- 
oratory balancing machine.  Thearle*s method balances the 
rotor by addinsr corrective weights in two planes on the ro- 
tor.  The locations and exact amounts of the corrective 
weights are determined by measuring the magnitude and phase 
angle of the vibration at each end of the rotor, both with- 
out any weights, and with "trial weights" in either correc- 
tion plane.  After making the necessary vector calcula- 
tions, it can be determined by what amount the trial 
weights must be changed and shifted around the rotor to 
bring it into balance.  For a discussion of the principle 
of two-plane balancing, and the use of Thearle's method, 
consult Appendices B and C. 
If the vibrations of the rotor supports are to be rep- 
resented by generating vectors, as described by Thearle, 
then their amplitudes and phase angles must be determined. 
Since the method gives a factor by which the trial weight 
must be multiplied to make it the proper corrective weight, 
the units used to measure vibration amplitude are unimpor- 
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tant.  They coild be mils, as Indicated by the  analyzer, or 
millimeters.  For convenience, it is useful to simply read 
the displacement as a number off the display unit and just 
say the vibration has an amplitude of x  "units." 
Similarly, the calculations do not depend on what ref- 
erence the phase angle of the vibration is measured from, 
but only that all phase measurements use the same refer- 
ence.  Due to the construction of the balancing apparatus, 
the most convenient reference line seems to be the vertical 
direction, as shown in Fig. 18a.  The angle sign convention 
is also shown in this figure.  The phase angle is deter- 
mined by placing a reference mark on the rotor at any arbi- 
trary location.  Then, as the rotor is spinning, the strobe 
light is directed on the rotor and the position of the ref- 
erence mark is observed.  Since the phase angle can be mea- 
sured from any arbitrary reference, it is convenient to as- 
sume that the strobe light fires as the generating vector 
of the vibration passes the zero position (i.e. top dead 
center).  The location of the generating vector and refer- 
ence mark are shown schematically in Fig. 18b.  If the ref- 
erence mark is rotated to correspond to the reference di- 
rection, the phase angle of the generating vector is given 
by the angle <p   as shown in Fig. 18c.  It can also be seen 
from this figure that the angle of the generating vector is 
exactly opposite to that of the reference mark which ap- 
pears when the rotor ;s illuminated by th<* strobe.  Thus, 
the phase ariP-le of the generating vector may be found by 
changing th<* sign of the angle the reference mark appears 
to wake with the vertical when illuminated by the strobe 
light. 
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V. ELECTRIC KOTOR ROTOR BALANCING 
1.  Procedure 
In this experiment an unbalanced rotor taken from an 
electric motor is to be balanced by attaching corrective 
weights.  A picture of the rotor appears in Fig. 19. Along 
the outside edges of the rotor, at each end, are a series 
of holes which have been drilled and tapped with 5/16 - 18 
UNC threads. Corrective weights are attached simply by 
screwing socket head set screws or cap screws into the 
threaded holes.  There are 26 holes on the end of the rotor 
with fins.  They are not evenly spaced, however, good re- 
sults can be obtained by assuming that they are.  The other 
end of the rotor has 20 evenly spaced holes.  A list of the 
available screws and their masses is given in Table 1. 
(a) Set-Up 
In order to use the apparatus, as shown in Fig. 1, it 
must first be placed on a sturdy, level table. If the ta- 
ble is not level, the rotor will drift in the supports un- 
til one of the shoulders on the shaft runs against the cam 
followers. In addition, there may be some difficulty keep- 
ing the jaw coupling engaged. Thus if the table is not 
level, poor results will be obtained. Once a suitable ta- 
ble is found, the rotor supports are bolted in place to 
hold the rotor, and the height of the motor adjusted to 
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brirw: the shafts of the motor ^nd rotor into aligriment. 
When setting up, it is important that the two halves of the 
jaw couplin/r not be pressed tightly together.  Lack of 
clearance could prevent the free vibration of the rotor in 
it supports.  Thus, there should be some play in the cou- 
t>lins- to keep interference with the vibrations at a mini- 
mum, as shown in Fig;. 20. 
(b) Balancing Speed 
Next a suitable speed is found for balancing.  If too 
low a speed is used, it becomes difficult to measure the 
vibrations because the amplitudes are low.  If to high a 
speed is attempted, the unbalance causes the rotor to lose 
contact with the supports.  This also makes measurement 
difficult.  The resonant frequency of the apparatus must 
also be avoided because the apparatus has a low damping co- 
efficient.  A slight unbalance will cause a large vibra- 
tion.  This resonant frequency is easy to avoid however, 
because the vibrations at resonance are large enough to be 
visually observed.  A good speed for balancing the rotor is 
about 1,000 rpm. 
(c) Vibration Pickup 
The vibration pickup is then attached to one of the 
rotor supports by screwing it to the set screw provided for 
12 
that purrose as shown In Fitr.   1.  Note that the apparatus 
also includes a short length of round steel bar, 50.8 ttur.  in 
diameter and 38.1 ' -ir. Ion*; (2 in. diam. x l-l/2in) which has 
the same maps as the pickup.  This cylinder should be at- 
tached to the other rotor support.  When the pickup is in- 
terchanged on the supports, the mass is removed and reat- 
tached to the other support.  In this way, the vibration 
characteristic of each support remains unchanged throughout 
the experiment. 
(d) IRD Unit Operation 
The display unit should be turned on and allowed at 
leant five minutes to warm up before it is used. The vi- 
bration amplitude is determined by multiplying the meter 
reading by the factor indicated on the amplitude range se- 
lector switch.  If the meter reading is less than 0.1, a 
more sensitive amplitude range may be used.  If the meter 
reading exceeds 1.0, a less sensitive amplitude range 
should be used. 
The accuracy of both the amplitude and phase measure- 
ments may be improved if the filter is used. Turn the fil- 
ter switch to the IN position, and adjust the tuning dial 
until the meter indicates a maximum.  It is then unneces- 
sary to readjust the filter for the remainder of the ex- 
periment.  The filter also provides a convenient means for 
13 
moasurim: the speed of rotation.  At this point it is worth 
emphasising that the speed of the rotor must be the same 
for all measurements, or the balancing attempt will fail. 
(e) Rotor Balancing 
The measurement of phase angle is facilitated by the 
fins on one end of the rotor.  There are thirteen fins, 
evenly spaced, and any of them can be marked and used as a 
reference mark.  The phase angle can be determined by coun- 
ting the number of spaces from the reference direction 
(vertical) to the marked fin, when the rotor is illuminated 
by the strobe light.  The number of spaces can easily be 
judged to within + ^ space, giving an accuracy of + 7 • 
This is sufficient to give good results. 
In order to balance the rotor, the end nearest the mo- 
tor was designated the "near" end, and the rotor was spun 
at approximately 1,000 rpm in the counterclockwise direc- 
tion, as viewed from the near end. Measurements of the 
magnitude and phase angle of the vibration at each rotor 
support were made.  The rotor was then stopped, and a screw 
was placed in one of the holes in the near end of the ro- 
tor.  Prom experience, it was found that a 19.1 mm (3/4 in) 
set screw generally led to the best results.  The balance 
can be improved using any trial weight, however, so long as 
it makes a measurable change in either the magnitude or 
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phase nn*r,le of the vibration.  The rotor was then run at 
the same speed as before and another set of measurements 
were made.  Then the rotor was stopped and the set screw 
removed fro** the near end and placed in one of the holes in 
the far end.  Again, measurements were taken.  With the 
complete set of measurements, Thearle's method was applied 
to the data and the locations and magnitudes of the proper 
correction masses were determined.  It must be recalled 
that the angular position of the corrective masses is mea- 
sured from the location of the trial masses, not from the 
reference mark. 
It is not very common for the correction mass to be 
exactly equal to the mass of one of the available screws. 
Therefore, in order to obtain an effective correction mass 
more nearly equal to the mass required by the calculations, 
it is necessary to "divide the mass."  This is illustrated 
in Fig. 21.  A corrective mass can be represented by a vec- 
tor having: a magnitude equal to the product of its mass and 
radius, and its direction given by its angular location on 
the rotor.  Suppose that a corrective mass of amount M at 
radius R is needed, but the only available mass is a mass 
m, which can be located only at radius r.  From Fig. 21, it 
can be seen that if two masses m  are located as shown, 
their y-components will cancel and their x-components will 
add up to the required amount MR.  This is true if they are 
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WD 
placed at locations ^iven by 0= arccos(Tr~-) on either side 
of the location where M is required. (Note that the radius 
need not be considered in this experiment because all cor- 
rective masses are located, at the same radius. For the 
corrective mass to be located at a different radius r', the 
mass must also be changed to m', such that m'r' = mr. This 
is true since the centrifugal force is given by mr&r.) 
TABLE 1 
Screws used for rotor balancing, and their masses. 
(Figures in parentheses give English units.) 
Set screws 
length mass 
9.5 mm  (3/8 in)          1.7 gut (1/16 oz) 
12.7     (1/2)             2.7 (3/32) 
19.1     (3A)            3.5 (1/8) 
Cap screws 
15.9 (5/8) 8.9 (5/16) 
19.1 C3 A) 10.6 (3/8) 
25.^ < 1 ) 12. *f (7/16) 
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2.  Results 
Sample data and calculations for the motor rotor are 
given below.  The data, Table 2, give the amplitude of vi- 
bration and the angle of the reference mark on the rotor as 
observed with the strobe li&ht.  These are converted into 
the necessary generatine; vectors in Table 3.  The motor 
controller wa^ set at position 55 in the Lo Range (about 
1,000 rpm). 
(a) Data and Calculations 
Rotor with no 
trial masses 
19.1 mm set screw in 
near balancing plane 
19.1 mm set screw in 
far balancing; plane 
TABLE 2 
Raw Data 
Near Support 
2.8 / -83° 
**.0 / -69° 
3-5 / -138° 
Far Support 
5.2 / ?0° 
7.9 / ^2° 
9.5 / 125° 
TABLE 2 
Generating Vectors Used in Calculations 
Generating Vector    Magnitude &  Direction 
N 2.8 / 83° 
N. 
N 
F 
F 
F 
k.O /  69° 
3.5 / 138° 
5.2 / -?0° 
7.9 / -*+2° 
9.5 / -125° 
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The data reduction w*s done analytically, usini?: a cal- 
culator.  Recall th-«t all quantities are vectors. 
A * N2 - N = 1.U5 /Ul.l7°    «A = P2 - P * 5-8? A0.8»° 
B * F3 - P = 6.03 /-!*>». 65°  /SB = N3 - N * 2.97 Am. 55° 
a = aA/A « 4.05 /-^2.01°     /3 « ^B/B ■ 0.**9 Al6.90° 
1 - oc<3 =1.70 790.83° 
£F - N * 5.33 AlQl.720     «N -P = 15.26 755.39° 
Q s   fi*  - N  = 2>l6 /l26t28o  <p= <*N - F = 1M  /119<71Q 
(l-ot/5)A (l-«/3)B 
The results were checked "by using the formula from 
Thearle's method:  8A + <p/3B =2.82 A96.58° = -N 
(b) Location of Corrective Masses 
For the near-end correction, there are 26 holes, as- 
sumed to be spaced every 360°/26 = 13.85°, so the correc- 
tive mass must be placed 126.28°/13.85° = 9.12 holes away 
from the trial mass.  This must be rounded off to 9 holes, 
in the positive direction.  The correct mass to apply is 
2.16 x 3«5 gm =7.6 gm.  Since the required mass was great- 
er than that of two 19.1 mm set screws, dividing masses was 
attempted, using two 15.9 mm cap screws. However, the re- 
quired angle was Q = arccos(2 ^'frog^) = 64.7°. Since an 
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an^le of 6U.70 corresponds to 6U.7°/13.85° = ^.67 spaces 
and the nearest hole would be 5 holes away from where the 
weight was required, the effective t^ass of the two 15*9 min 
car. screws would be 2 x 8.9gm x eos(13.85° x 5) = 6.3I gm, 
where 7.6 gm are required.  This would be an error of 17 %. 
Instead of this, two 19.1 mm set screws were placed side by 
side, 9 holes away from the trial weight.  Their effective 
mass was then 2 x 3.5gm x cos(13.85°/2) = 6.95 gm.  This 
gives less error. 
Similarly, the mass required in the far balancing 
plane was 1.^9 x 3.5 gm = 5.2 gm. Since there are 20 holes 
in the far plane, they are spaced every 18°. The correc- 
tive mass was needed 119.71°/18° =6.65 spaces away from 
the trial weight, also in the positive direction.  These 
requirements were met by placing two 12.7 mm set screws 
side by side, 7 holes away from the location of the trial 
weight. 
A schematic diagram showing the locations of the 
trial weights and corrective weights is given in Fig. 22. 
When the rotor was spun with these correction weights in 
place, the near end had a vibration displacement of 0.5. 
This is only 18 ^ of what it was before balancing.  The far 
end vibrated with a displacement of 2.0, only 38 %  of what 
it had been before balancing. 
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(c) Repeatability 
The actual results may vary from one attempt to an- 
other depending on the rotor speed, location of trial 
weights, and their masses.  An idea of the repeatability of 
the results can be obtained, however, by examining the cor- 
rective masses required on different balancing runs. Pour 
such runs were made.  The corrective masses for the near 
end ranged from 5.6 gm to 7.6 gm,  with a sample deviation 
of 0.9 firm.  Corrective masses for the far end ranged from 
2.b  gm to $.2  gm, with a sample deviation of 1.2 gm. Con- 
sidering the deviation is only on the order of one gram, 
any senior level student should be able to improve the 
balance of the rotor without much difficulty. 
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II* ELASTIC ROTOR BALANCING 
If the rotor to be balanced is no longer assumed to 
be rigid, there are many more factors which must be taken 
into consideration in its balancing. 
As a simple case, consider the rotor mounted on a 
flexible shaft, as shown in Fig. 23. The mass of the rotor 
is m, its center of gravity is a distance e from its geo- 
metrical center, and the displacement of the shaft from 
equiHbrium at the center of the rotor is y.  Let the shaft 
also have a stiffness k.  The centrifugal force due to ro- 
2 tation is P = m(y + e)cu which is balanced by the restor- 
o ing force ky.  Equating the two gives ky = m(y + e)cu . 
2 
Solving for ys     y = ?-•  .     This  is more  complex than be- 
k-moo 
fore because the unbalance is not located at a constant dis- 
tance froi", the axis of rotation.  This distance now is a 
function of angular velocity.  If the angular velocity is 
changed, the shape of the shaft changes and the state of , 
balance of the rotor changes (3)- 
This illustrates a fundamental characteristic of flex- 
ible rotors. That is, they must be balanced for a particu- 
lar speed.  Once this is done, they are balanced for that 
speed only and will be unbalanced for any other speed.  Al- 
2 
so, there is a critical speed CJ     = k/m. 
If the rotor is mounted in elastic bearings, there may 
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be further complications. Since the bearings are elastic, 
they may also introduce another critical frequency.  If the 
bearings have different elasticities in the horizontal and 
vertical directions, then two additional critical frequen- 
cies may be introduced.  This is shown in Fig. Zk  for a 
rigid rotor in elastic bearings (^).  As more and more fac- 
tors are taken into consideration, torsional vibration of 
the shaft or rotor for example, the mathematics become com- 
plex and exceed the scope of undergraduate experience. 
Therefore, an apparatus as simple as the one described here 
has little value in demonstrating the principles of elastic 
rotor balancing.  For a discussion of advanced rotor dy- 
namics problems, see reference (5). 
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VII. CONCLUSION 
The balancing arpnratus described in this report gives 
ret>eatable results for the balancing of a rigid electric 
motor rotor. 
Assuming: the system is linear, as is necessary to ap- 
■nly Thearle's method, sonne statement can be made concerning 
the sensitivity of the apparatus.  For the near end, the 
the corrective mass was 7.6 gm, applied at a radius of 
.57 mm.  This amounts to a balancing effect of ^33.2 gm-mm 
(0.60 oz-in).  If this is sufficient to eliminate all but 
18 4,  of the vibration, then 82 4>  of it must be accounted 
for by the ^33.2 gm-mm of unbalance arrived at by Thearle's 
method.  Therefore, the near end of the rotor must be bal- 
18 
anced to within ^33.2 x -gx  = 95.1 gm-mm (0.13 oz-in) of 
perfect balance.  Similarly, the far end must be balanced 
to within 296.4 x -|| =181.6 gm-mm (0.25 oz-in) of perfect 
balance.  Considering the rotor has a mass of 5«96 kg. 
(13.14 lbm), this apparatus has adequate sensitivity for 
demonstrating rotor balancing to undergraduate students. 
The problems of balancing flexible rotors involve com- 
plexities too difficult to be pursued by senior-level stu- 
dents . 
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APPENDIX A 
SELECTION OF ROTOR SUPPORTS 
(a) Stiffness 
Each rotor support may be represented as a cantilever 
with the free end constrained against rotation. 
i I 
2 x-»- 
Figure Al 
) 
An ordinary cantilever beam is shown in Fig. Al, with 
a load and couple applied to the free end.  By Castigli- 
ano's Theorem, the angle of rotation of the free end is 
given by 0C = ^7, where  A is the rotation at the point 
of application of couple C.  The strain energy of the beam 
is U =\ 2|jY dx if we consider only strain energy due to 
bending.  Substituting the expression for U into the ex- 
pression for 0c, we get QQ  = (  ^ || dx, where M is the 
bending moment at any section, and El is the section modu- 
2k 
lus.  For the bea« in Fiff. Al, K  = C - Px, so 
Gc = ST  (C - Px)dx = |MCL "  ^PL )'  since the free end 
/\ PL is constrained froir, rotating, Q     =0, or C = -*-, so that 
PL the bendins; moment is given by M « -3- - Px. 
For the end deflection of the beam, Castigliano's 
Theorem gives S  - -^i where 5  is the deflection of the 
P      d? P 
point of application of force P.  Similar to before, 
K - (^ m § d* - if So (^ -px)(^ x)dx = i PLL 2 El* 
Now 10 grams at- a radius of 50 mm seemed to be a rea- 
sonable amount of unbalance to correct and 1,000 rpm was 
the anticipated speed at which this unbalance was to be de- 
2 tected.  The centrifugal force of the unbalance is F = mro> 
and a) = 1,000 x ^ = 104.7 rad/sec.  Therefore, 
F = (iOXSOXm^J^T^ggsX^sjj) = 5.48 N.  Dividing 
this force between the four supports, each support must 
then deflect a measurable amount when loaded with a 1.4 N 
force.  A 3.2 mm x 19.1 mm (1/8 x 3/4 in) cold-finished 
steel section was chosen to support the rotor because it 
was easily available and compliant, yet not so weak as to 
be easily bent out of shape.  The section modulus was then 
determined. 
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b  =  19.1mm 
1 - 3 • 2rom 
Figure A2 
The moment of inertia for the section shown in Fie;. A2 
is given by I ^ 1 bh3, so I = j^( 19.1)(3.2)3( ^ ) 
103mm 
= 
5.22 x 10"11 m . Since for steel, E = 2.07 x 1011 N/m2 
(30 x 10'psi), the section modulus El = 10.8 N-m2. For 
supports 0.15 m (6 in) in length} 
c  (1 ^(0 15)3 
o= •*—!—"—■—u— -  0.0036e; mm, which is a measurable a- 
(12)(10.8) 
mount.  The actual amplitude during vibration will actually 
be less than this, but the total displacement during vibra- 
tion will be twice the amplitude.  Therefore, the effects 
will tend to cancel one another, and the 3.2 x 19.1 mm 
steel bar should be adequate if it is 0.15 m (6 in) in 
length. 
(b) Buckling 
To make sure the 220 N weight given in the specifica- 
tions will not cause the supports to buckle, this possibil- 
ity was also checked. 
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The critical buckling load is given by (r-)*~EI.  When 
values for the steel section are used, the buckling load 
turns out to be (x \. c)"(10.8) = 4,?40 N.  Since each sup- 
rort only needs to hold ^5 N, the steel sections selected 
will be more than adequate. 
(c) Critical Frequency 
The first critical speed was estimated using Ray- 
leigh's method.  Since the rotor would be supported approx- 
imately midway between the supports, it was assumed that 
both supports would vibrate at the same amplitude and 
phase. 
Prom the expression for the bending moment in one of 
the supports, an approximate deflection curve of the sup- 
JL 
EI port can be obtained, using y" = ~rr,  where y is the de- 
PL Election at any point along the support.  Since M = -s- - Px, 
P  L  2   1  3 integration gives y = ?£r( # x - -r x  ) •     If harmonic mo- 
P  L  2   1  3 tion is assumed, then y = £r(  # x - -r  xJ)sintot, and 
y = -§r-( if x - -r x^)cos cut. The maximum kinetic energy of 
•L .2 
the vibrating support is given by T = •*• \ y__v dm. 
2^2  ,2 
y 
■ * s: * 
2
  - ^ 
P2~( — x^ - — x5 + — x6) and dm * pbh dx, where 
max
  (EI)" 16     12     36 
b and h are defined by Fig. A2. Performing the integra- 
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2 2    ^ 
tion,  T_ * (1.2Q x 10" } *** PA pbhL'.  If we denote the 8 (Eir 
mass of a suprort by m, then pbhL = m, and 
Te =• (1.29 x 10*") £*> mL .  Since there are four such S (El)2 
supports, their total kinetinc energy is 
2 2 
T  * (6.16 x lO""3)-^^-^ mL6. 
m (El)2 
Prom the deflection curve, it can be seen that the 
maximum velocity of the end of each rotor support is given 
3 
by y(!•)__„ = TO""FT'  The maximum vibrational kinetic ener- 
gy of the rotor and rotor support blocks is then 
*(L)mov = 5 t where M is the mass of the rotor and 
' 
max
  288(Eir 
rotor support blocks. 
The only potential energy in the system is the strain 
energy stored in the supports.  This is given by 
r L „2 , 
U = \  2^f dx* Since M . = Pij  - x) , integration gives 
- ?& U
max ~ 24 El ' 
Equating the maximum kinetic energy with the maximum 
potential energy gives 
tc  1* v IA-3N_^P2_ T6 _,_ 602P2ML6   P2L3 (5.16 x 10 -/) *■ mL + ? =  . 
(Eir      288(Eir  2k  El 
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? 7 FT Solving   for  u>     stives   w     = 
(0.12^B + ^ M)L3 
The apparatus would have the following parameters: 
El = 10.8 N-m2 
L = 0.1 <2 m 
m - 0.0?23 ke; 
W = 10.50 kg 
2 -? —1 Substitution ffives to = 3,^B0 sec  , or cJ= 59 sec  , 
which is equivalent to about 563 rpm.  Since the antici- 
pated running speed is 1,000 rpm, there .should be no 
resonance problems. 
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APPENDIX B 
BACKGROUND p_N DYNAMIC UNBALANCE AND TWO-PLANS BALANCING 
Consider the rotor shown in Fig. 2Sa.  Assume that 
the rotor is homogeneous, except for the two masses m, each 
located at a distance d from the axis of rotation.  If this 
rotor were to be placed in bearings at each end, it would 
be balanced in any position (i.e. it has no "heavy side"). 
Such a rotor is said to be "statically balanced."  If the 
rotor is spun with angular velocity c*>, as shown in Pig. 
2 5b, the two masses each exert a centrifugal force equal to 
2 
m&u>   .  Together, these forces produce a moment, which is 
resisted by the reaction forces R and R,..  Since the rotor 
n     1 
is turning, the reaction forces rotate with it, and cause 
a sinusoidal vibration of the bearings.  This is known as 
"dynamic unbalance," and can be observed only when the ro- 
tor is spinning. 
Next, it will be shown that any dynamic unbalance can 
always be corrected by means of two balancing masses, 
placed in different planes perpendicular to the axis of ro- 
tation. Consider three discs on a shaft, as shown in Fig. 
26. Each disc has an unbalance that causes a centrifugal 
force as the shaft rotates.  The forces are designated P, 
Q, and R.  If we consider each of these unbalance forces 
separately, we can calculate the force that it exerts on 
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the bearings at each end of the shaft.  These forces are 
shown in th^ figure.  At each bearing, the forces may be 
added to find their resultant.  If a mass is then added to 
each end of the shaft, such that its centrifugal force ex- 
actly cancels the resultant of the unbalance forces, the 
shaft and discs will exert no force on the bearings, and 
there will be no vibration. This is the basic principle of 
two-plane balancing.  This example can easily be extended 
to include any number of discs on a shaft, or to a long ro- 
tor with many points of unbalance.  It can also be seen 
that the balancing masses need not be placed at the ends of 
the shaft, but may be located anywhere, so long as their 
centrifugal forces cancel the resultant of the unbalance 
forces at that point (3). 
This should serve to illustrate that any dynamic un- 
balance can be corrected by two masses, properly located. 
In practice, it is not possible to measure the actual 
masses causing unbalance, or to determine their distances 
from the axis or rotation.  Thearle's method of dynamic 
balancing, which is described in Appendix C explains how an 
unbalanced rotor may be balanced by measuring the vibra- 
tions at the bearings in which it is supported. 
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APPENDIX C 
i SWyAHY OF THEARLH'S METHOD OF DYNAMIC BALANCING (2) 
When balancing: a rigid rotor in its supports, there 
four variables to be dealt withi the mass and position of 
each of two corrective masses.  Each of these masses is 
placed in a different radial plane of the rotor.  In gen- 
eral, the greater the axial distance between these masses, 
the smaller they may be.  When field balancing a rotor, all 
four of these variables must be dealt with simultaneously. 
The method described here does this by including the effect 
each mass has on both rotor supoorts. 
Figure Cl 
The sinusoidal vibration of a rotor support in any 
chosen direction may be competely specified by a vector, 
known as its "generating vector," as shown in Fig. Cl.  The 
length ON specifies the amplitude of the vibration.. Since 
32 
the vibration is caused by a rotating mass, such as a rotor, 
the generating vector is thought of as rotating about 0 
with the sa-^e angular velocity as the rotor.  If OR rep- 
resents any arbitrary zero reference on the rotor, then the 
phase an^le of the generating vector is given by 5.  The 
projection of the generating vector on the x-axis then rep- 
resents the horizontal vibration of the rotor support at 
any instant.  It will become evident later on that the ex- 
act direction of the reference line OR is unimportant, 
since only differences in phase angles are used in the cal- 
culations. 
The solution of the balancing problem is determined by 
using vector algebra.  The quantities N, F, A, and B are 
vectors, and the quantities &-,    ft,     6,   and (f   are vector 
operators.  When the vector A is multiplied by the operator 
OL ,   this is written as otk.     The vector a A has a magnitude 
equal to the product of the magnitudes of OL    and A, and a 
direction equal to, the sum of the angles of a and A. 
Similarly, when A is divided by the operator oc , it is 
written as k/cL .     The vector k/oc   has a magnitude equal to 
the magnitude of A divided by the magnitude of OC, and a 
direction given by the angle of A minus the angle of oc . 
The other operations of vector addition and subtraction are 
already familiar to senior-level students. 
The data needed to determine the amounts and locations 
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of the corrective masses is obtained in three runs, all at 
the desired balancing speed,  In each run, the amplitude 
and phase angle of the vibration at the rotor supports is 
measured.  The three runs are made under the following con- 
d i t1onsi 
(1) No corrective masses on the rotor 
(2) A single known mass, placed at any location in one 
balancing plane 
(3) A single known mass, placed at any location in the 
other balancing plane. 
The first run determines the generating vectors of the 
vibrations to be eliminated.  The second two runs determine 
the susceptibility of the vibration to masses located in 
the balancing planes. 
The supports and balancing planes of the rotor are re- 
ferred to as the "near" and "far" end.  All phase angle 
measurements are made from the near end.  The positive di- 
rection of measuring angles is taken as counterclockwise, 
viewed from the near end. 
Next we must assume that the rotor and its supports 
form a linear systeri.  That is, the vibration amplitudes 
are proportional to the forces causing them. Most real 
systems are linear enough to be treated in this way. 
Suppose that the rotor is run at the balancing speed, 
and the vibrations of the near and far supports are as 
3^ 
shown in Pip-. 27a.  These are the vibrations that must be 
nullified. 
A trial mass M' of anv reasonable amount is then 
n 
placed in the near balancing plane.  The second run is then 
made at the same speed as before, and the vibrations at the 
near and far end are given by N2 and P2, as shown in Pig. 
27b.  The effect of H' on the near end is given by Np-N = A 
•nd on the far end by F2 - F.  Since the vectors N2 - N and 
F~ - P represent the effects of the same mass M-* , if this 
c r n 
mass is changed, N2 - N and F2 - F will be changed propor- 
tionately. Also if W" is shifted through any angle, N2 - N 
and F2 - F will be shifted through the same angle. This is 
because the system is linear. Hence, F2 - F may be written 
as F2 - F = ock, where a is a vector operator characteris- 
tic of the rotor and its supports. 
The mass M' is then removed, and another mass Ml  is 
n i 
placed in the far balancing plane.  The third run is made 
at the chosen balancing speed and the vibrations at the 
near and far supports are given by N, and F ', as shown in 
Fig. 27c.  The effect of Mi on the far end is given by 
F« - F = B.  Since the effect on the near end is caused by 
the same mass, we can write N~ - N = /SB, where (5   is an- 
other characteristic of the rotor and its supports. 
The vectors A, a A, B, and ^B, shown in Fig, 27d, 
specify the susceptibility of the machine to balancing 
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masses.  How the corrective masses K    and ¥» can be deter- 
..  - n     * 
wined.  Each corrective mass can be obtained by changing 
the angle of the trial mass and multiplying its mass by 
oo^e factor.  So two new vector operators are introduced so 
that Wn  = 0M^ and Mf « (fKL.     Since the system is linear, 
any operation 9   on M* will produce the same vector ooera- 
n 
tion on the results of W t   that is, A and a A. 
n 
The   idea    is  to apply   B   and   (f  to the effects A,    a:A, 
B,   and    /3B  to cancel  the generating vectors N  and P.     Thus 
0A  +  <p/3B  = -N and <pB.'"+   Oak  = -F   . 
Solving for   Q   and      (f i 
A   -      ftF - N ■       ' tn _      aN  -  F Q
   -  (1   -   i/3)A and Vs  (1   -   oc/5)B 
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(a)  rotor in static balance, but dynamically unbalanced 
mdw 
mdu>2 
(b)   dynamic  forces  on a dynamically unbalanced rotor 
Figure  25 - Static balance  and dynamic unbalance 
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Figure 26 - Elimination of dynamic unbalance 
by means of two correction masses 
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Figure 27 - Graphical Representation, of Thearle's Method 
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